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PREFACE 


ee University of Calcutta did, mo thé honour early in 
1908 to appoint me Reader, and asked me to deliver 
a series of, lectures upon some subject, preferably electrical, 
which would be of use to the lecturers in the outlying colleges 
as well as to the more advanced students in Oaleutta. It was 
a condition of the appointment that the lectures should subse- 
quently be published, and it appeared that I could best attain 
these ends by attempting to put some of the more important 
developments of electromagnetic theory into a connected and 
convenient form.- It is therefore chiefly in the mode of presen- 
tation, rather than in the subject matter, that any originality 
which the lectures may possess must be sought, 


For the material I am very largely indebted to the writings 
of H, A. Lorentz, while some features in the treatment of 
vector analysis are taken from the Vector Analysis of E. B, 


Wilson. 
GT. W, 


October, 1910, 
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CHAPTER I. 


VECTOR ANALY®IS, 


a 

1, WE may divide the quantities that we meet with in 
physics into two classes according as they have or have not a 
direction associated with them, Quantities of the former type 
which obey the parallelogram law, such as velocities and forces, 
are called vectors, while those of the latter type, such as time 
intervals, masses and temperatures, are called scalars, The 
algebra of scalars is that of ordinary real quantities and need 
not concern us further. 


2., If the straight lines OP, OQ represent two vectors 
The addition A, B, we shall define A+B, the geometric sum, 
and subtrac- ag represented by the diagonal OR of the parallelo- 


ent gram POQR. This is the same as B +A. 


R 





+ 


Similarly A—B is the sum of the vectors OP, OZ, whore 
OF is equgl and opposite to OQ. Thus A—B, the geometric 
difference, is represented by the diagonal OS of the parallelogram 
LOPS, ie, by the second diagonal QP of the original parallelo- 


gram, , 


3. We now define i, j, K as vectors of unit léngth along 
rectangular axes OX, OY, OZ; 80 that if P be the point (a, y, z) 


W. 1 
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and PM, PN be perpendiculars to OX and the plane XOY 
respectively, the vectors OM, MN, NP will represent ty, jy, kz. 





Now the vector ON, being the sum of the vectors OM, MN, 
will represent ia+jy; hence ia+jy+kz will bé represented 
by the sum of the vectors ON, NP, or OP, which we shall 


denote by r, Thus 
yelg+jy + kz. 

If 1, m, n be the direction cosines of OP we have w=Ir, 
y= mr, £=nr; 80 
r=r(il+jm+kn). 

4. Consider a second line OP’ defined by 7’, U’, m', n'; and 
Illustration let the angle POP’ be denoted by 6. Since the 

projection of the vector OP along OF" is equal to 
the sum of the projections of the component vectors OM, MN, 


. NP along that line, 
OP cos 6 = al! + ym' + an’, 
ie. r cos 6 = rll! + rmm’ + rnn’, 
Hence rr’ cos.d = aa! + yy’ + a2! 
‘and cos 6 = Ul! + mm’ + nn’, 


5. If x, xr’ be two~ consecutive vectors OP, OP’ at 
Iustration times ¢, t+ dt to a particle P moving with 
I 


1, velocity v, 
ym lihibohee 
-_ de 
r—yr 





= limit of 


bt 


Par or 
= limit of i 


i 
ie 
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Similarly if v, v’ be the velocities at the times ¢%, t+ 4, we 
have theeacceleration 





ed v—v 
f= limit of ¥ 
=F 
= ¥, 


6. Taking (r, @) as the polar coordinates of a point P, let 
Iustration R,T be unit vectors algng and at right angles to 
ut, OP in the directions 7, 0 jncreasing ; ; then, if Q be 
the point (1, 8) which lies on OP and remains at unit distance 
from O as @ varies, 
R = the velotity of the point Q 
-6T, for its direction is that of T, ie. that of OS, at right 
angles to OP. 


Similarly if OS remains of unit length, 
T =the velocity of the point 
=~ OR, for its direction is that of QO. 


pP 





Now r=7R, 
.ver=?R+rR 
=fR +r6T, 
Thus the velocity is made up of # along OP and ré at right 
angles to it, 
Further 
f= v9 Z CFR +r6T) 


=iRteR4 TS (rd) 470.4 


= r6) R42 F (dy, 7, 
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giving the usual components along R and T, The acceleration 
of a particle whose three-dimensional polar coordinates are 
(x, 8, 6) may be obtained in a similar manner. 


7, Let us consider the functions of the second degree with 
which we are concerned in physics. If a force F 
Scalar and . ‘ : . 
wanton act upon a particle moving with velocity u, the 
products of rate at which work is done is the product of the 
vectors. ° ‘ eee 
numerical soglar values of F and y, multiplied by 
the cosine of the angle hgtween the directions of F and u. This 


is a scalar quantity, and so, if we have two vectors 

reia+ jy+ kz, 

"= ia’ + jy’ + kz’, 
we give the title of their scalar product to rr‘ cos 6 or 
aa’ + yy +22’. We shall denote it by {rr’} or {r’r}; and when 
no ambiguity can arise from the omission of the brackets they 
will usually be omitted. 


8. On the other hand if a force (a'y’z’) be applied at the 

point (@, y, 2) the couple about the origin has components 
ye — ye, zal — am, my — oy, 

This is a vector r” of scalar magnitude 17” sin 0, and its direction 
is at right angles to x, r’, being that of the axis about which r 
must be rotated in the right-handed direction in order to bring 
it into coincidence with r’. If r be due cast, and ry’ due north, 
r’ is towards the zenith. The directions yr, r’, r” form a right- 
handed system, and it is important to remember that the axes 
of reference OX, OY, OZ must always be chosen so as to form 
a right-handed system. The vector r’ is called the vector 
product of r, x’, and is denoted by [rr’], these square brackets 
never being omitted, Thus 


[rr’] = i (ye! — y'z) +] (ee! — 2a) + k (ay! — oe) 
=/i, j, k 
@, y, 8 
af 
=-[r'r}, 
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9, Jts numerical magnitude is the area of the parallel- 
ogram whose sides are r, x. Thus the scalar 
product 
C[AB]= (scalar magnitude of ©) x (area of parallelogram 
A,B) x (cosine of the angle between C and the 
positive, normal to A, B) 
volume of the parallelepiped of which three adjacent 
edges are A, B, C, being positive when A, B, © 
form a right-handed system. 
If the components of A be A;, Ao, de, &e., the components 
of [AB] being A,B, ~- A,B, &e, we have 
C[AB]= 6, G, O 


Lemma I. 


A,, Ag, As 
B,, By, Bs 
=A[BC]=B[CA] ........ rear (1). 
Lemma 1. 10. We have 
[4 [BO]]= ae : er k 
Ay ; Ay j A 


8 
BOs = B,C;, B,C, — B,C, BC, ~ BO; 
=1(B,. {CA} —0,. {BA}) +] (By. {CA} -—O,. [BA}) 
+k (B.{CA} —C,. {BA}) 
= (iB, +jB,-+ kB,) CA — (iC, -+- jC, + 0,) BA 


= B.CA—C.BA viuccssssssen sceaparnaeie (2) 
11. Let us denote “ vV ie operator 
d 
Vectorial 
aifferentia- wt a y +k, de’ 
tion, 


so that, if ; - any scalar function of a, y, 2, 
mites 2 dd 
Vo=i a yt k= vr 
=R, say. 
* Gf she magnitude and direction of R be R and (J, m, n), we 
shall have 


_ ap dp db 
Rl= aa’ saa fin= 7. 
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Now if we consider the rate of change of ¢ in theedirection 
of any unit vector D or (A, 4, v) we shall have, on going a small- 
distance ds, 


apa. nbs SE ds yds 


= RInds + Rmyds + Ray ds 
=k cos 08s, 
where @ is the angle between R and D, 


a = Reos@=RD and is a maximum when @ = 0, Le, in 


the direction of R. It is zero in a direction perpendicular to R, 
Thus R is along the normal to the surface ¢ = constant, and its 


scalar magnitude is ee, where dn is an element of this normal. 


We have seen that the rate of change of # in any direction 
D is {DV}, the component of ae along D: hence V¢ is 


a vector which is independent of the selection of the axes, 


12. Green’s theorem tells us that for a region in which 
bivsiett any yector u or (uw, v, w) is finite, continuous and 
theorem. ae 


d 
[a ota +s a) wm) =~ [aS Qu +'mo-+0, 


where (J, m, ) is the normal N of unit length drawn into the 
region, 
Thus fdv {Vu} =—- fds {Nu} 
=— f{dS u}, 
if dS be treated as a vector whose direction is N. 


13. If u be the velocity of a fluid, ~f{d$ u} is the rate 
The operator t which fluid leaves the region: thus, aaplying 
‘divergence’ .the theorem to an clement of volume, Vu is 
the rate at which the fluid expands per unit volume; hence 
its name of ‘divergence’ of u. It is usually written div u. 
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14, ,If ut Bd, where B is a vector and ¢ is a scalar, 

Green’s theorem becomes 
{dv {VB} =— {dS Bg}. 
Now on the left side we may replace VB¢ by 
V,Bd + V.Bd, 
where in the first term V operates on B only, and in the second 
on ¢ only: thus it becomes ¢{V,B}+{BV}¢. Hence the 
theorem 
fdvo(ddiv B+ BV .6)=—f{aS BY .....0. (8), 


15, (a) If 6 be a scalar quantity, integration, as in 
Green's pie rae 


ae 
term fly (128 4598 4 86) 
a 
=~ e aS (ilp + jmd + kn), 
', [dv Vb =—fdSN¢ 
rai fAB dh siscssonsasearnstrcs (4) 


(b) If u be a vector whose components are (u, v, w), 
fdo[VuJ=fdv} i, j, & 


qf @ 
da’ dy’ de 
UW, Uv, Ww 


Now in integrating we replaco | dy ¢ by - aS1, &0.; hence 


we got 
—~fdS} i, j, & |, 


t, m n 
uy, Vv, w 
or —fdS [Nu], 
or —f[ds a). 
“We call [Vu] the ‘rotation’ of u and write it rot u, 


Thus 
The operator 
‘rotation,’ fderotu= —f[aS u] itpatawquudeyrew eel Js 
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16. Putting u=Bd, where B is a vector and ¢,a scalar, 
and replacing [VB¢] by [V:B¢]+[V.Bd], we obtain 


{do (¢ rot B—[BV] $6) =—f[dS BJ] ¢ ......... (6). 

17. Stokes’ theorem tells us that the line integral 
Stokes’ J (ude +udy + waz) or f{dsu} round the margin 
Sheoreit. of any area is equal to the surface integral 
over it, 

dw dt\) (dw dw dv du 
fas (: (a — 52) $m (F— ~ +n (- a)? 

or f@S{Nrotu}, or s{aS rot u}. 


We may show that rotu has a meaning independents of 
the position of the axes exactly as we did in the case of V¢: 
for the line integral round an element of area d8 is equal to 
the component normal to dS of rotu: and the line integral 
is independent of the particular axes selected. 


18. It may be of interest to have a proof of Stokes’ 
theorem in terms of vector analysis. 


Proof of Let us consider one only, aS, of the elements 
rocanle > into which the surface 8 may be divided; and 
vector let y be the vector joining a fixed point P, 
santas: in this element to any point P which lies on 


its margin. Then if P’ bo a consecutive point r+dr, the 
area of the triangle P,PP’ will be equal in magnitude and 
direction to $[r, dr]. Thus 
{dS .rot u}=4/[r, dr] rot u, 
the integration being round the margin of aS, 
=4/dr [rotu, r] 
=} far [[V.u] x] 
where V, operates only on u, 
= far ({r'V} u — V; {ur}). 
Now by Taylor’s theorem, if squares of small quantities he 


neglected, the value of u at P will exceed its value u, at "P,*by 
rV.u Thus 


far {rV} u=fdr (u —u,)=fdr.u—u, fdr. 
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Also, V, {utr} = V {ur}— V. {ur}, where V, operates only 
on r; and V,{ur}= V.(ue-+vy+wz)=u: thus we find on 
substitution 

dS rotu=4/fdr(u— V {ur} +) — $0, fdr. 

Now when integrated round @§ the perfect differentials 

dr and dr V {ur} will vanish. Hence 
dS rot u = fdr u = fds u, 
the integral being taken round the margin of dS. Summing 


over all the elements dS the line integrals along the internal 
arcs cut out and we obtain Stokes’ theorem in its usual 


form. 


19. If in Stokes’ theorem we replace u by B¢ as before, 
we obtain 


[{da. Bd} =/{a8 [V. B¢]} 
=/{dS (Vi. B¢] + [V. Bd))}. 
Thus {ds B} & = /{dS (rot B-[BV] f)}......0006+0(7). 


20, If T be a unit vector along the arc ds whose direc- 
tion is (U/, m’, n’), the direction of the normal 


Analogue 
- Stokes’ N to dS being (J, m, ») as before, Stokes’ 
eorem., . 
theorem is 
[dS {N rota} = fds {Tu}, 
or fdS| Ut, m, n =fds(lu+ mo + nw), 
add 
da’ dy’ de 
w, v, w | 


Since this is analytically true for all values ot u, v, w, we may 
put w=id, v= jd, w=k¢, where ¢ is a scalar function. Then 


faS| i, 4, k& |b=fde(il’ +jm’+kn’) ¢, 


L, m, n 
ada da 
dau’ dy’ dz 
. SIS [NV] 6 = fds TA, 


or SAS VI} b= fds bh riccccceeeveenseee(B)s 
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21. We have 

div [AB]= {V [AB]}, 
and we may replace V by V,+ V2, where V, 
operates on A only and V, on B only; further if C be any 
vector 


Lemma IIT. 


C [AB] = B[CA] =— A [CB]. 


Hence div [AB] = B[V,A] —A[V.B] 
=BrotA-Arot BB vcccocceseers (9). 
Lemma IV. 22. Ina similar manner 
rot [AB] =[V [AB]] 
—[V, [ABJ] + [V. [AB] 


= ({BV)} A-—B {V,A}) +(A {V.B} i {AV,} B) 
= BV.A—BdivA+A div B—AV.B......(10). 


23, We have seen that the operator V, whether opefating 
on a scalar or vector quantity, has a meaning 
independent of the axes of reference; hence the 
operator {VV} must also be independent of the axes. We 
may obtain the meaning in the following manner :— 


Operator V?. 


If be the value of a function at a point (m, y, 2) whose 
vector from the origin is r, then at a neighbouring point r+, 
where p or (&, 7, €) is small, the value of the function will, by 
Taylor’s theorem, be 


o+ (EP +0$ tes 


eae G+ oss 


ag 


Pp ig) 
= ant oe iat +200 cede ded" 2f9 at 
+ higher powers of & », &. 


Now the mean values of £, 7? and £? over the surface of 
a sphere of small radius p are each equal to $(£4 72+ £3), 
or $p*; while the mean of all terms including odd powers of &, 
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m or £ iszero. Thus the mean value of tho function over the 
surface is 
4 
d +6 V°o + fourth and higher powers of p: 


and we find 


Vib =5 {the excess of the mean value of ¢ over a spherical 


surface of small radius ‘p above its value at the 
centre}. 


We may thus call V7¢ the ‘dispersion’ of ¢, 


CHAPTER II. 


APPLICATIONS OF VECTORIAL METHODS TO 
MAGNETOSTATICS. 


24. THE potential at a point (w’, y’, 2’) due to a magnetic 
Sea arr pole of strength yu at (a, y, 2) is w/r, or mp, where 
amgnets  p= ptm f(a! a) + (y ~y)h +(e — 2) 

Let us consider a magnetic doublet consisting 
of poles — 1 and + at P, P’ respectively ; and let the length 
PF’ be p and its direction D, the scalar magnitude of this last 
vector being unity. Ifp and p’ be the reciprocals of the distances 
of P and P’ from the point (a’, y’, 2’), the magnetic potential 
there due to the doublet will be wp’ — up or p(p’—p). Now yp’ 
differs from » in that itis estimated at a point distant p from 
P in the direction D. Hence p’~p is equal, when p is in- 
definitely small, to p x (rate of change of p in the direction D) 
or p.DV.p by §11. Hence Q=yp.DV.p or M.DV.», if 
while p diminishes indefinitely increases indefinitely in such 
a manner that wp remains equal to M. If the vector MD be 
denoted by M, so that M has the moment and direction of 
the magnetic doublet, this may be put into the form MV.p, , 


“In an exactly similar manner it may be shown that the 
potential energy of the doublet in a field whose potential is 
0 is w(O! — Q) or MV... 


25. This analysis shows that a magnetic moment obeys 
macnn athe laws of a vector; and the truth of this is 
doublet is obvious from the fact that we can introduce equal 
eee and opposite poles + and —y at the ends JU, 
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V of the rectangular components Jp, mp, np, and thereby 





contpletely replace our doublet PQ of moment M by doublets 
PU, UV, VQ of moments 1M, mM, nM respectively. 


26. Let us consider a magnetised body of which | is the 
intensity of magnetisation. Due to an element 


5 agave’ of volume év at (a, y, 2) of moment Iéy the 
Meee potential at a point (a, y’, 2’) outside the body is 
du. 1V,p. Due then to the whole body 

Qa fduIVip vse Lia) 


=~ fdS.NI.p—fdvp div |, by (8), 
= [dS op + Sv pp vcccorcrssersserserseeee( LQ), 
where ge—NI, pe—divl c.scccsconevereee(18), 


Thus the magnetic potential is the same as that due to 
a surface density, equal to the normal outward component of 
magnetisation, and a volume density which is minus the di- 
vorgency of the magnetisation. 


27, The potential (11) abovo found is, strictly speaking, 
applicable only at external points, for I1V.p is infinito at 
internal points. Tho expression (12) is however finite at 
internal as woll as extornal points if ¢, p are finite, Now the 
potential inside a magnet, regarded as made up of doublets, 
will-chenge with extremo rapidity as we pass from doublet to 
doublet, and we may suppose that the numbor of doublets in 
unit volume is very large. Thus the potential at (a, y, 2) is 
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in reality indefinite unless account is taken of the distribution 
of doublets in its immediate neighbourhood, and we cannot 
specify it in terms of | alone. But we may for convenience 
define the value of given by (12) as the magnetic potential 
within the body; and in that case, from the ordinary properties 
of the potential, 
V2Q. + 4arp = 0 I 
(NV.Q)} + 4c = 0 
Now if the magnetic foreé - VO be denoted by H these 
equations become 
—divH ahaa 
— (NH)? — 4 (NI)P=0) 
where in the second equation we have written (NI)? or 
Ny, +N,I, in order to include cases of contact between two 
magnetised bodies. 


28. Thus if we introduce a new vector B defined by the 
apes equation B = H + 4r I, we have 
induction, div B = ot 
(NBY =0 seins rani aeais Sveah eae 
This quantity is called by Maxwell the magnetic induction, 
and its distribution, being like that of the velocity of an 
incompressible fluid, may be called solenoidal. 


29. Since div B vanishes we may, without loss of generality, 
me vector  SUPP08e that the rectangular components of B are 
potential. dH x dG a ms aH dG bes ak 

a dy dz’ dz da’ dm dy’ 
ie, B=curlA, where A= (F, G, #). 

Then Stokes’ theorem gives over any surface 

J{dS B} = f{de A}, 


and in free space, as B = H, the surface integral of normal force 
over any area is equal to the line integral of the tarfgentlal 
component of A round its margin, The name given to A by 
Maxwell is the vector potential. 
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30. Owing to the presence of a magnetic doublet of - 
moment "M at (a, i, 2) we shall have at (#', y', 2’) 
Q=MV.p=—-MV'.p, 
where Veit 4j oe and as p is a function of a’ —« 
Saal 8 yf de? P 


dy 
dp __dp dp dp dp_ dp 


ee 


% 
y'—y and 2 —2, weshave dal de? dye dy’ Prager Pe 


Thus H= V' {MV} p 
=(V.MV'—~M.V%)2, 
for, as p satisfies Laplace's equation, V“p = 0, 
2 =[V'[V'M]]p, by Lemma I, paragraph 9, 
== — rot’ [MV’]p, where rot’ C =[V’C]. 
Hence we may take, as due to the doublet, 
A=—[MV’]p=[MV] 9. 


” 


32. Considering a body of which | is the magnetisation 

at (a, y, 2), the vector potential at (a’, y’, 2’) will be 
fdv[IV]p; 
or, by Green’s theorem, 
—JdS [IN] p — fdv [IV] p, 

where in the second term V, must be regarded as operating 
on | but not on p, 

Thus A= fdS [Ni] p+ fd [Vil] p 

= fdS [NI] p + fdv (rot |) p, 

and the vector potential may be regarded as due to a surface 
,density [NI] and a volume density rot |, 


82. Juet us express by these methods the mutual onergy 
of two simple magnetic shells of moments ¢, 


Mutual * ‘ : 
energy of ¢' per unit area, 
two shells. : 
® We have seen that the vector potential at 


(a, y’, #) due to a magnetic particle at (a, y, 2) is 
A=—[MV']p=[MV]p. 
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Now the first shell may be rogarded as made up of elements 
of area dS of which the magnetic moment is #dN and direction 
oN dS: thus its vector potential at (2, y’, 2’) will be 

A=¢fdS[NV]p 
=¢f[dS V]p, 
and this, by the analogue of Stokes’ theorem, is equal to 
$ Sas p. 

Now, by § 24, for a particle of moment M’ at (a’, y’, 2’) 
the energy of position Wis equal to M’V’.Q. Thus for the 
two shells, regarding the second as made up of doublets $’d8’, 

W=¢' fds’ {NV} 0 
=~ $/s{as'H'} 
=— ¢’ {{dS' rot! A} 
=~— ¢’ fds'A, by Stokes’ theorem, 
=— $¢' {fda ds’ p 
=— hp [fds ds’ cos e/7 wsicseeveeees +++4(16), 
where ¢ is the angle between the directions of ds, ds’, 


33. When the magnetising force is extremely small the 
venueed induced temporary magnetisation |, is propor- 
magnetisa- tional to the magnetic force H and is equal to 
mn: kH, where k is the susceptibility. In order that 
the analysis may include cases both of temporary magneti- 
sation |, and permanent magnetisation I,, we shall suppose 
that both may exist together and thus assume that the total 
magnetisation | is equal to lk +1, or kH+1,, Thus 

B=H + 4arl =H + 47 (4H + I,) 
“ = pH +4rl,, where w-1+4rk ..... (17). 

Thus the conditions (15) obtained in § 28, ie. 

divB=0, (NB)i=0, 
give div wH + 4or divl,=0, {N (wH + 4erl,)}i = 0. 

We now replace H by — VQ and denote the permanent 

magnetic densities, corresponding to those of (18) if § 25, 


DY Pp Op 18 | 
op=—{NIp}i, pp =— div lp; 
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then = divpVOQ44mp,=0, {NpVOE+ dro, =0; 
or ViQ. + 4rpy = 0, (u a5). + roy = 0 veeoes (18), 


d/ dQ d/ dQ dad dQ 
where Vi.0 denotes ie (1 =) Tay (u a) + oP (u <<) and 
dn is an element of the normal drawn into the region of the 
corresponding potential. 


34, The potential energy of a magnetostatic field may 

be obtained by considering the work done in 
gre ore gradually and proportionally increasing the 
magneto. strength of all the permanent magnets from 
static pole. ; A : 

ezero to their final value; during this process 
any iron capable of temporary magnetisation must remain in 
its final position, its magnetisation at any time boing deter- 
mined by the field due to the permanent magnets, At a time 
when all the permanent magnetisation is of times its final 
strength the value of the potential and force at any point will 
be nm times the final value and, as in the case of an electro- 
static field, the work done in increasing n from n to n+ n will be 
Xndnm,O, where m, is a representative permanent magnetic 
pole. Thus the work done in creating the system will be 

W= tlm 2=4$ (M,V} Q, 

where My is the moment of a representative permanent 
magnetic doublet, 


=-—4$35 {M,H} 
=~ 4 [av {1pH) 
1 
~ = fan ((B ~ pH) H} 
ate [arate + [asv.o 
Paper aie 1 l 
= gy [dow — Jasineyo— 5 [ana dive, 


by (8) of § 14. 
“Now, by — of § . {NB}}=0, divB=0: hence 


= 5 [dope = forum. aati), 


WwW. 2 


CHAPTER II. 


THE THEORY OF MAXWELL AS EXPRESSED BY HERTZ, 


835. In his papers and his classical Treatise on Electricity 
and Magnetism Maxwell gave a number of different intexpre- 
tations of the processes at work, and the intercst of these caused 
nearly ay much importance to be attached to them as to the 
final equations to which they led. It was Hertz who pointed 
out that however Maxwell’s equations might be interpreted it 
was they which in effect constituted Maxwell’s theory, and he 
put them into an extremely convenient form. 

In the electrostatic-electromagnetic units adopted by Hertz 
the energy of the field per unit volume is taken, when the 


media are stationary, as > (KEM + ull), where the units are 
such that for free space K = 1 and »=1, and E, H stand for the 
electric and magnetic forces, 
We adopt the following further symbols: 
D= XE =the electric polarisation 
= Maxwell's displacement multiplied by 4:7, 
C = the conduction current, 
B =the magnetic polarisation 
= Maxwell's magnetic induction = wH + 4, *. 
Then Hertz’s equations are 


OO + dO = Vrot H 
aB aveee taney ead (20). 
oy ieee V rotE 


Hertz does not explicitly discuss the case of permanent magnetisation, 
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36. It follows that over any area 
| {as (Ge + 4a) = Vv if aS rot H} 
=V | ds H; 


thus the rate of increase of the surface integral of clectric 
polarisation over any area, together with 4 times the con- 
duction curreyt through it, is equal to the line integral of H 
round it. Similarly from the second equation it follows that 
the rate of diminution of the magnetic polatisation through 
any circuit is equal to the line integral of E round it. Thus 
the equatiofis (20) express Maxwell’s fundamental relations, 


37. Also, taking the divergence of the former equation of 
(20), 
aiv (B a thee) = 0; 
but, by the defistition of the conduction current, div C is the rate 
at which charge is conveyed away per unit volume, and must 


be equal to -%, where p is the electric density. Hence 


BD _ gy BP 
div a> — der 3, = 0 


at all points, and integrating with reference to the time, 
div D = 4:rp, 
the constant of integration vanishing, since p=0 at all points 
if D =0 at all points. 
Similarly -divB=0, 


88. In electrostatic fields & =0, for there ig no time 


change of any variable. Hence rot E=0, and we may take 
E=—Vq, where ¢ is a function given by 


damp = div D = — div (KV) = — Vig, 
7 is dg\ 
dare = (ND}2 = — (x ae 


2—~2 
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Similarly for a magnetostatic field H=— VQ, where Q. is 


given by 
Q=divB, 0={NB}i, 


as in § 33. Thus 


dQ\? 


where py, op are the volume and surface densities of permanont 
magnetism. 


39. A surface at which there is a discontinuity between 
Surface the physical conditions on the two sides should 
conditions. he regarded as the limit of a thin layer of 
continuous transition when the thickness of the layer is inde- 


finitely diminished. Now the values of oO 4mrC, and of 


S, are finite on each side of the layer, and so may be regarded 


as finite within it also: hence the values of rot'H and rot E will 
be finite in the layer. But if the axis of Z be taken in the 
direction of the normal to the bounding surface at any point 
the first of the three rectangular components of rot H will be 
i 2 , Where H=(L, M,N), Now as o is finite on each 
en of the layer it will be finite within it: hence - will algo 


ed a re aM . 
be finite in the layer, and | dz ae integrated through the 
1 


layer will be of the same order of smal] quantities as the 
thickness of the layer. Hence when the thickness is in- 
definitely diminished the values of M on the two sides will be 
thé same, In a similar manner the values of L,.X, Y may be 
shown to be the same on the two sides. Thus the tangential 
electric and maguetic forces must be continuous across the 


surface, 
40. It follows from the consideration of adjacent points 


in the first medium, and points opposite to them in the second 
medium, that the differential coefficients of Z, M, X or Y with 


mee 
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respect , to a er y will be the same on the two sides*. Hence 
in the ‘third of the three Cartesian equations of the former 


of (20), Le. 

if ssor=7(f-2), 
the terms on the right side are continuous, Accordingly the 
left side must havé the same value on the two sides, io, the 
total normal electric flow is continuous. 

Similarly the normal magnetic flow is continuous. 

It must be noted that as the two boundary conditions of 
this section are derived from the equations of the field, and 
these equations are satisfied throughout each medium, the two 
boundary conditions are satisfied when the conditions of § 39 
are satisfied, Hence the independent boundary conditions reduce 
to the continuity of the tangential components of E and H. 


41. It follows from Y,—Y,=0, Z,-2,=0 that (E,—E,) 
mus? be normal in direction and hence that [N (E,—E,)] 
must be zero, Thus the surface conditions may be put into 
the form 


K 


[NE]2=0, [NH]?=0 vccccecsrsseseeeee(2L), 


* If we take points P, P’ in the firat medium such that PP’ is parallel 
to OX, and if Q, Q’ be the points closest to them in tho seqond modium, sudh 
that the lengths PQ and P’Q’ are of the second order of small quantities, 


then In the first medium oni is tho limit of oe and as Mp=My and 
Mp=Mg this is the same in the limit as ae ox ae in tho second 


medium, 


CHAPTER IV. 


HERTZ’S EQUATIONS FOR MOVING MEBIA. 


42. Wu have next to consider the case in which the 
material media in which electromagnetic processes are ati work 
are in motion, and we shall suppose that the velocity at any 
point is u, a continuous function of the coordinates. 


The most natural extension of the two fundamental Jaws 
of Maxwell is to suppose that they apply to a circuit moving 
with the velocity u of the medium. Now the rate of change of 
the surface integral of any vector R is made up of two parts, 
one due to the change in R and the other to the motion of the 
dR, 
at? 
by considering the cylindrical element of volume 5v whoge ends 
8S, 88’ are formed by the area 5S in its 
positions at the time ¢ and the time ¢+ &, <88 
The total surface integral of the component ‘wot 
of R along ¢he inward normals to the ae, 
element of volume is by Green’s theorem 
equal to — dv diy R, or — {8S u 44} div R. 


Now the contribution to the surface integral from the two 
faces 88, dS’ will be 


surface, The former part is | dS the latter may be obtained 


R&s—R' Ss’, 


where R’ is the value of R at the face 6S’, Also the tubular 
surface may be regarded as made up of parallelograms of which 
adjacent sides are elements of arc &s (boundmg §$) and lines 
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adt: thus by § 9 the contribution to the surface integral from 
the tubular surface will be 

j —{{R[Ssusi]} or o4fSs[Ru] 

or 6 {8S rot [Ru}. 
Hence Green’s theorem gives 
~ {u &8} dedivR=ROS—R’ SS’ + 5¢ {8S rot [Ru]}; 
thus RP’ &s’—R &S= 5¢{6S8 (udiv R + rot(Ru))}. 
Accordingly the rate of change of R &S due solely to the motion 
is R, &S, where 
R, 6S = {§S (u div R + rot [Ru})}, 

and go R,=udivR+rot[Ru] cece (22), 


43. If then we decide to make the assumption that the 
polarisations D, B are, in spite of the motion, equal to KE, 
#H + 4orl,, where E, H are the electric and magnetic forces 
acting in the moving media, we shall have, instead of the 


equation 
aD 
| {as (G+ 40) = ¥ |{as roth), 
the modified equation 


[fas (a +udiv D + rot [Du] + tno) = r ftas rot H}, 


and since this is true for all circuits &S we shall have 
dD 

dt 

Similarly the second fundamental equation becomes 
dB 

dt 

On expanding rot [Du] the former equation becomes 
dD 

dt 

or, if the time-rate of change in the value of a function at” 


+udiv D +rot[Du]+4arC = Vrot H ..,...(28), 


+udiv B+ rot[Bu]=— VrotE.. ......(24), 


+uV.D+Ddivu-—DV.u+ 46 = VY rot H, 
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a point moving with the medium be denoted By or so that 


dD _ dD 
ae in ae 
dD . 
qpt Odivu—DV.u+ dn = VrotH meee (25), 


Similarly the second fundamental equation becomes 
GB + B diva — BV. a= — Prob Bs sses.(26) 
These are Hertz’s equations for moving media. 


44, At a point in the boundary between-two media, 


Boundary regarded as the limit of a region of very rapid 
conditions, transition from one medium to the other, we have 
dB : 
“ag + Bdivu—BV.u, 
dD : 
and ag +O divu—DV.u+470,. 


are finite*, provided that u and its differential coefficients are 
finite, ie. provided that there is no discontinuity in the 
velocity of the two media at the interface. In that case, 
by (25) and (26), rot E and rotH will be finite in the region 
of transition, and as in §§ 39, 41 it follows that 


(NE}i=0, [NH]?=0. 


45. In order to decide definitely whethor the Hertzian 
Blondlot’s theory for moving media is in accordance with 


experimental facts, Blondlot took two parallel platos, say ¢ = +a, 
‘test of Hertz’s A 
theory for and made a field of magnetic force Z, parallel 


moving media. +) QX, between them. Ho then sent a current 


* It might at first sight appear legitimate to suppose that in (28) 


aD % 5 
art u div D+-4rC 


is ae at the interface; and to deduce that the tangential components of 
H- F {Du] were continuous. This is not however justifiable, for a gives the 


time-change at astationary point, and while ais finite a is infinite unless 
the value of X on the two sides is the same or the yelooity u is parallel to the 
interface, 
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of aix with velocity v parallel to OY between the plates. 

According to Hertz’s theory this would create opposite charges 
on the two plates and hence on roversing Z or » there would 
be a current along a wire joining the plates: this was not found 
and the theory must therefore be incorrect. 


In order to obtain the charges we shall suppose that L, v 
are constant and that the conditions have bocome steady so that 
5 = 0; further tho charges on the infinite plates being constant, 
there will be no current in the wire. As the air is uncharged 
p =0, and in equation (24) st =( both in the air and the 


metal; .*. rob [BuJ=— VrotE in both media. 


1 
. rot (E + plu] ) =0 ec tiien (27). 
Hence we may put in the air, 
E+ F[BU]=—Vgp cscs (27%), 
where ¢ is given by the condition p =0, or 
div D =4arp = 0. 
Now from (27’) 
wate Yu = ob 
an dy de V 


Thus, as div D = 0, — Vid = 0, 
and we take as the appropriate solution 
p= A + Bau + Oy + De. 
Now as the velocity v is parallel to the plates we have 
finite in the interface*, Thus rot (E + 7{Bel) will be finite, 


an@ it follows at once that X, Y will be continuous across the 
surface of the metal. 


+udiyD, and ay t div B finite in both media, and so 


* See the footnote of the previous page. 
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But as there is no current in the plates when tho conditions 
are steady X, Y will there vanish. Hence B= 0, C =0 and 


g=A+ Dz. 


Tn order to determine D we shall utilise the fact that, from 
(27), the integral over the surface bounded by any circuit 


Jas rot (E+ [Bu)) =0 


or the line integral of E+7(Bu) round the circuit vanishes, 


Let the circuit consist of a line PP’ parallel to OZ in the air 
from the first plate to the second, a line thence in the second 
plate from P’ to the end of the wire, thence along the wire to 
the first plate and thence to the point P to complete the circuit. 
Along the whole of this circuit, except the straight line PP’, 
E=0andu=0. Hence along PP’ the component parallel to 


0% of E+ [Bu] must vanish, 


Hence the line integral of 27+ co or ~D+%, must 
vanish: and p=. 


Thus the value of Z within the metal being zero, the surface 
charge o on the plate z= a will be given by 


oL 
sv 4are. 


Similarly onez= —a the charge will be — 2 per unit area, 


° 
Thus on reversing v or Z there will be a current in the wire, 
and its amount can be calculated for comparison with experi- 
ment. 


46. Another test which may be applied to Hertz’s theory 
The influence _18 that of finding the influence of motion in the 
wim ot medium upon the velocity of light propagated 
light. along the direction of motion, 
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For a medium moving with uniform velocity u parallel 
to OX, the equations ave 


x(t) -r(Z- 


KG +a)" (Go ae) 


K (it, uS) v(-) 


"oe dm dy!’ 
eae (ay de) 
et ae (Ge ae)” 
aS V(e- wy) 


Thus if the velocity of propagation be U, and we take 
X_VY_4_L1_M_N = eit (Uta) 


ve find 
KU ~u)n=+Vv 


KU —u)f=—Vp 
(T—u)r=0 


K(U—u)&=0 | 


(U =u) w=—VE 
(U—u)v =+Vn 
Hence £ and » vanish, and E and H lie in the wave front: 
and as AE + uy + vt vanishes, E and H are at right angles, 
Further, eliminating mw, & 
K(U-up=Vi= KV", 
if V’ be the velocity of light in the medium at rest. Hence 
U=utyV’. 


47. According to this theory then the velocity u of the 
medium is superposed on that of the light, a result which is 
contradicted by experimental determinations: the, latter show 
that the velocity of light along a current of air is only affected 
by a small fraction of the velocity of the air. 


CHAPTER V. 


SOME EFFECTS DUE,TO THE MOTION OF OIARGED 
PARTICLES THROUGH A STATIONARY AETHER, 


48, Bzror# considering Lorentz’s theory,*in which all 
phénomena are interpreted in terms of electrons thoving 
through aether at rest, it is of interest to examine some 
simple cases of this type in which a complete solution can be 
effected. 

Let us consider the case in which electricity of cae p 
per unit volume is moving with velocity u through stationary 
aether, the only restriction on u being that it shall be a finite 
and continuous function of the coordinates, If we consider 
a circuit fixed in the aether the convection current will be pu 
and the fundamental laws give 


4 


dE 

at 4rpu =V rot H 
dH 

Oh = V rot E 


Now, as Maxwell pointed out, the electric force E’ acting 
on a conductor moving with velocity u is not the same as E 
the force wh®n the conductor is at rest: and as E is the same 
whether the result of it be to set up a conduction current, to 
act on a charged particle, or to cause polarisation in a dielectric, 
we shall suppose that E’ is the same whatever be the nature of 
the effect produced on the moving body. Let us consider a 
circuit of which u is the velocity at any point. The rate of 
increase of the surface integral of electric force E will be 


Jas (F +udiv E + rot [Eu]) 


suiouegasiet(2B). 
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and there will be no convection current through tho circuit 
as tho velocity ‘of the chargo relative to the circuit is zero, 
Thus tf we apply the first fundamental law to the moving 


circuit we got 
fas (= + udiv E +-r0t [Eu]) = 7 [as rot H’, 


. ®. “ * + 
where on tho right sido we have H’, not H, since it is tho 
magnetic force o a moving circuit which is considered. 


Hence de + 4orpu + rot [Eu] = VrotH’ .........(28'), 
and similarly from the second law 
dH , ; 
iE + rob [Hu] =—Vrot Ev. ssersseeeee (29), 


On comparing these with (28) wo find 
rot [Eu] = V rot (H’~ H), 


ana so we take H/ == H + plea sreneseanensaveree( BO). 


Similarly from the second equations 


EE +S [WH] ssssssesseesrsn(81) 


49. On oxpanding rot [Eu] as 


Ediva-—EV.u—udivE +uV,E, 
Boundary d d 
conditions. and replacing at uV by gp? We got from (28’) 


s +Edivu-EV.u=VrotH’ ..,......(82), 
and similarly from (29) 


a + H divu— HV.u=+V rot E's iseeree(B8) 


Now at a surface which separates two media we shall have, 
if u*be continuous at the surface, the left sides of (82) and (88) 
finite within the.region of rapid transition which replaces the 
surface of discontinuity: thus the right sides will be finite, and 
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the condition at tho surface, as in § 44, will bo that the tan- 
gential components of E’, H’ shall be the Same in the two 
regions, Le. that 

[NE}i=0, [NH’]?=0. 


50. We shall now consider in slightly greator dotail the, 
Convection 280 in which electric chaygos of density p ue 
with constant moving through empty space with velocity u 
i which is uniform and constant, 


The equations of the field referred to moving circuits will 
be, from (82) and (88), 


i = V rot H’ 
pir a (34), 
peas t 
w= V rot E 
Also divE =4arp, divH =0 ......060. +++ (35), 


E’ = E+ [aH], H’ =H — tue] vosses(86), 


In (34), since the conditions are steady, there are no changes 
in quantities estimated at points moving with velocity u, and 


d 
qy = 9 


Thus rot E’=0, rot H’=0; and we may put 
E’=—V®, H’=— VO, 


where ®, 0 may be called the electric and magnetic convection 
potentials, 


Also by (86) 
* div E’= diy E+ yt rotu—urotH) ...... (87). . 
Now 
1 
rot H = rot (HW +P [ue]) 
mrotH' +5 (udivE-uV.E+EV.u-E diyu) , 


s 


=7(udivE—aV. E), 
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for rot H’=0, and u is independent of the coordinates, being 
uniform. Thus 
arobH = 2 dp —Su¥ ue 
v Mee ee 


Also as u [uwH] = 0, 
uE = ub’=—uV.o, 








“Thus (37) becomes 
— V2 = 4p — os bus ayy ®, 
or (v- Ca ) @ + darp (1 » 7) 70 ee (38). 
Sb. If u=(u, 0,0) and 1-7, =P, 
r ee + oe +o Pdr Os sisehss (39), 


so that if we put a= /1£, y=7, z= we have 


aD oe BD 


and ® is the potential at (£, 7, £) due to charges represented 
by pl'd&dndg within an element of volume d&dnd&. 
Thus at (a’, y’, 2’) 
_ [{{ eededyde 
PP I i ea 


whore ries (an — 2)8/09 + (y! — x) + (2! — 2)%, 
or H=l>S # . 
et 


% 
whero ¢ is a representative charge in the original system, 


In an exactly similar manner, as div H =0, 
di a, HO, dO, 
Pda * ay tae = 

and as there is now no volume density Q=0: hence H’ =0, 
sand’ by (36) 


H =7 [aE]. 
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Thus when u is unrestricted as to direction, 
~Vo=E'=E +5 [0h] 
1 
=E +7, [uve] 
= E + api (. ue — ag, E): 
Ww u 
‘ (1-F5) E+ we=— Ve, 


When u= (u, 0, 0) this gives 


db ». 1d », 1¢® 
Se AO gee det 
uw a® u ad® 


andso L=0, M= Faz? Ne = TRG 


52. Due to a point-charge ¢ moving along OX past the 
origin D=le/r, and if u*/V? be neglected r= 7, the distance 
from the origin, Thus the electric forces will be the same as 
those due to a fixed charge, and, in addition, 


es peice merce 
Tee ah as 


CHAPTER VI. 


TIE ELECTRON TWEORY OF LORENTZ APPLIED TO 
STATIONARY MEDIA. 


59. We have seen that the Maxwell-Hertz theory of 
moving media is contradicted by experience, and it becomes 
necessary to adopt hypotheses different from those on which 
that theory was based. It was there supposed that if E were 
the electric force acting upon a circuit moving with the 
medium, the polarisation of the medium was KE; so that if 
the medium were a greatly rarefied gas the polarisation in 
the gas would be K times the electric force acting on the 
moving gas. But in the limit when the gas is evanescent in 
density the polarisation becomes that of the aether only, and 
the force tending to produce the polarisation is dependent on 
the velocity, for, as Maxwell pointed out, the electric force on 


a moving body exceeds that on a stationary body by lad]: 


thus the assumption that the polarisation within a moving 
medium is X times the electric force at a moving point really 
involves the hypothesis that the aether is carried along with 
the velocity of the medium, In Lorentz’s theory the aether 
is supposed to be stationary and it is only the electrons (minute 
particles, either with or without ordinary mass, carrying electric 
charges) which are supposed to move through it with the 
velocity of the material medium: the interpretation of electrical 
phenomena in terms of electrons has received very strong con- 
‘irmation from the facts of electrolysis, the discharge of gases, 
kathode and Réntgen rays, radio-activity, electrical conductivity 
and various optical phenomena, Further as the distributions of 


W. 3 
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electrons which aro required to oxplain electric and magnetic 
polarisation, and conduction currents, are probably very, com, 
plicated, it becomes desirable for the sake of simplicity to 
consider separately the explanation of each of these phenomena; 
when they occur simultaneously we can suppose that the effect 
may be obtained by adding their separate effects, 

c 


54. In the Hertzian electrostatic-electromagnetic units 
the force between electric chargés ¢, ¢ is Kee'/r* 
and that between magnetic poles m, m/ is umm’ /r, 
where K, y are unity in free space. The units of ¢ and m are 
modified by Lorentz in such a manner that the-forces become 
Kee /Amr® and pymni'/4rr?, Thus two units of charge in a vabuum 
repel with force 1/4r? and the potential due to a charge ¢ in a 
medium K is Ke/4rr, The unit charge of electricity is 1/2 
times the ordinary electrostatic unit and for Gauss’s equation 
we have [{dS E} =the surface integral of inward force = — the 
total charge inside. Hence if ¢ be the potential, 


Vig +p=0, (x3) +o=0, 


and for an electrostatic field, 


W= $f dvpp +4] dSog 
=-4/ dog Vig—3 [as (x) 8 


= | duke 


Units. 


e 
55. Lot us suppose that the unit of length is very small 
and that the closeness of examination is such 
The electro- : 
statics of that the space occupied by an electyon may be 
Bationary considered as finite; we may then suppose that 
there is no outer surface of discontinuity bounding 
an electron, but that there is gradual transition from, the 
electron to»the ompty saether. We shall denote by p "the 
density of the electricity within an electron, and by e, h the 
electric and magnetic forces at any point in this highly magnified 
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considoration af the conditions. If u be the velocity within 
the glecfron the Maxwell-Hertzian equations will be 


“ +pu=Vroth 
ae igvoddeusveuacael 40), 
Fees V rote 
with dive =p, 


and on taking the divergence of the former of (40), 
dp 
an P+ div (ptt) = 0, 


56. Letsus consider a small volume containing a group 
of ctectrons for which the total charge, fpdv, vanishes. We 
may then call the electric moment of the volume the integral 
Jerdv, where r is the radius-vector from an origin within the 
volume to any point where the density is p: ifr’ is the radius- 
vector from a second origin whose radius-vector referred to the 
first origin is y,, we have r=r,+r’, and 

fordu = fprdu + for'du =x, [pdu + fpr'du=fpr'dv, 
for fpdv=0. Thus the electric moment of the volume so 
defined is, as it should be, independent of the position of the 
origin within the volume, 

Further, the time-change of the moment will be [prdy, or 
feud, the value of which per unit volume is the electric current 
due to the motion of the charges, 


57, If then in the dielectric the electric moment per unit 
volume, when averaged over an element of volume containing 
many groups of electrons, is D’, and if this is, changing at 
a rate D’, the current due to this will be D’, The equations 
(40) of the field, which referred to dimensions small compared 
with the dimensions of an electron, may now be averaged over 
an element of voluzte of the size usual in mathematical physics, 
ie. containing many groups of electrons: the result is 


Set D’)=V rot H 


dH 
aoa Vrot E 
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If the specific inductive capacity be K,and the total polarisation 
(E+D’ bo denoted, as before, by D, we know, by comparison 
with Maxwell’s theoy, that D=JEE, and so D’=(K-—IJJE: 
this is closely analogous with the corresponding total magnetic 
polarisation 
B=H+(u—1)H, 

where (u—1)H is in these units &H, tho moment per unit 
volume of the induced magnetism, & boing the susceptibility. 

The equation of continuity for a volume containing a number 
of groups of electrons is 


| dv = rate of flow of electricity into the volume 


= [{as.b}=— [ doaiv D’; 


hence, as the volume is arbitrary, 


dp _ ~ diy, 


dt dt ° 
Now let us integrate with respect to the time, and remember 
that the dielectric was uncharged at the time when D’=0 
and there wete no electric forces, 


. p=—div D’, 


58. This theorem is the analogue of the corresponding 
expression (13) for the density in magnetostatics and may be 
stated in the following manner; 

If over each molecule or group of electrons fpdv = 0, then 
over a regiop, taken at random and large enough to contain 
a large number of molecules or groups, the charge per unit 
volume is —div D’, where D’ is the mean value per unit volume 
of for dv. 

It is clear that if the boundary were drawn deliberately, 
with infinite precision, in such a manner as never to cut 
through any group and so to contain only entire groups,,. the 
total chargeeand so the density would be zero, But when’ we 

espeak of —div D’ as the density we mean the density in any 
element of yolume taken at random. 
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Regarding this as a purely analytical theorem its applica- 
tion may*be generalised in the following manner. If ¢ be any 
scalar quantity such that f@dv vanishes over each group of 
electrons, then the mean value of # over an element of volume 
taken at random and containing a large number of groups is 
— div A, where A is the mean value per unit volume of the 
integral fdugr. 


59. Let ug assume that over a small volume containing 
one group of electrons fdup=0, and fdupr =0, 


Polarisa~ . 

tion of a where r=(a#,y,2), so that the medium has no 
abenonaxy electric charge or polarisation. Further, let us 
magnetic . 8 P 2 
medium, assume that 


dv pat, Sdvpy’, Sdupz’, 

[av pyz, [dv pzx, Sdvpay 
are all independent of the time. We shall then denote by m 
or (p,q, 7) the jntegral a i dup [rr], where the region of in- 


tegration includes the group of electrons: we shall later see 
that m is the magnetic moment of the group. In virtue of 
the assumptions just made we shall have zero time rates of 
the quantities fdupa*, &c,, so that 

[dupta=0, fdup(ay+ay)=0; &e. 
Thus [dupay =}hfdup (ay — ay) =— Vr, 

[dupie =} fdup (dz — az) =Vq. 
Further we have, on substituting p# in the generalised theorem 
of the previous scction, that the mean current parallel to OX, 
ie, the value per unit volume of fdupa, is equaleto 


dP dQ dk 


ak eee meh reer ee 


where P, Q, R are the values per unit volume of 
Jdupia, fdupay, Jdupéz. 
Ffom any group of electrons the contribution will be 


dr dq 
~ Al TEV) o& VG a); 
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and go the component current parallel to OX por unit area 


will be v(e- e 


volume of p,g,7. Thus if we denote (A, B, 0) by G’, the clectric 
current, expressed as a vector, is V rot G’. 


) whero A,B, 0 aro the sum totals poreunit 


60. let us consider a stationary medium in which there 
eee is electric density p in addition to, and apart 


magnetic from, any effect of the polarisation D’, and also 


eee a conduction current C, The cquatiohs (41) will 


medium. now become 


oe 4.D’) + Vrot @’-+0=Vr0tH ” 
dt 
d vere 42), 
ait) =— Vrot E 
with 
div E = total densities = — div D’+p, ie. div(E+D’)=p; 


and div H =0, for we have no strictly magnetic matter, having 
merely electrons, 


Let us now introduce a new quantity H, defined by 
H=H,+G’; 
then the equations become 
fe +D)+C = Vrot H, 
t 

7d 1+0(48), 

ay ch + G’) =—Vrot E 
with div(E+D)=p, div(H,+G’)=0....... (44), 


But these are the ordinary Maxwell-Hertz equations in these 
units, H, being Maxwell’s magnetic force and G’ the magnetic 
moment; H or (H, + G’) is Maxwell’s magnetic muluetiae We 


have therefore justified the interpretation of 37° >| dup [rr], 


1 : . 
Or sp (moments of electric momentum) as the magnetic moment 


of the group of electrons, 
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61. ica to thé minute scale of examination adopted 
in § 55, the force acting upon a stationary charge 


B in, th 
field andthe of volume density p when the electric force is 6 
laid will be pe: if the charge be moving with velocity 
u the electric force acting upon it will be 
1 
+ p [uh], 


which we shall denote by £, and the ponderomotive force per 
unit volume will be p times this, or pf. 
Now over any stasis volume 
ne 

gi [eho 409 - [av(o52+ n&) 

= [du {e ae pu) —hV rote}, by (40), 

= V Jdv (e rot h —h rot e) — fdvpeu 

=~ V Jdv div [eh] — fdupuf, 
by (9), and because 

* uf=u (e+ 7p[unl) = ue, 


[dog (ot + ne) = 7 | {aston} - [ doput 


Thus the rato at which potential energy increases in any 
volume, after providing for the rate at which work is done 
on the moving charges, is equal to the rate of flow into that 
volume of the vector V[eh] across the bounding surface. This 
quantity is the Poynting flow of energy and may be denoted 
by p. 

62, Let us now examine the question of whether the 
Forces ina,  Wterpretation in §60 of magnetisttion as due to 
magneto- the movements of electrons in small orbits will 
static feld. sive the aame ponderomotive forces as the ordinary 
theory of magnetic matter. 

Continuing with the minute scale of examination of the 
previous section we have as the resultant force acting on a 


« 
group of electrons | dup (< + 7 [in}) , where r is, as before, the 


vector to the point from an origin within the group. Now-we 
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are hero concerned not with tho olodiic and magnotic forces 
due to the other electrons of the group but with thos due to 
an external fold which wo may denote by E, H. If E, Arbo 
used to denote tho forces at the origin those at the point r 
will be, to the first approximation, E-+rV.E, H+rV.H and 
the resultant force on the group will be 


[dp (E+xV E+ FL H+r¥. 4) 


Now [dup =0, fdupr=0, fdupt=0, 
since the magnetic medium is supposed to have no charge and 
no electric polarisation, Thus tho resultant becomes 


i | dup be rV,H] or ir | copter, H]. 
Now we saw in § 59 that 
fdupda=0, fdvpdy=—Vr, Jdupae = Vo, 
so that the operator 


dod 
[apearv = V1" ay) 
and accordingly 


[dup {2V} = fdup (ib -+ Jy + kg) (rV} 


=Vil i oj k 
Pb Gg ? 
aia a 
de dy de 
= V [DV] cessssssersssesesseesseeses(4B), 
Hence 
7ldop(é:x¥, H] =[fmV]H] 
= V,mH~m,VH 
= V.mH, 


for div H = 0), as the H is due to an external field. 
Now the force according to Maxwoll’s theory is mV. H and 
mV .H~V,mH =—[m[VH]], by (2), 
= (0, 
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for [VH] = rot H = 0, 
ag M is due to currents or magnetisation away from the origin. 
Honce the resultant forco is mV .H as in Maxwell’s theory. 


63. The couple acting on the group of the previous 
Gerieies in section will be, omitting terms in E which ob- 
amagneto-  vioudly vanish, 


static field. 1 
fave [ pib(Wtey. H)1] ree (46), 


Now [avp ny iH = | dup (t.rH ~rr H), 


antl as in (45), 
Jdupt {rH} = V [mH], 
while fduptr = 0, for (dupad = 0, &e. 


Hence | dup E 7 iH] = [mH], 


an the contribution to the couple from rV.H in (H +¥V.H) 

of (46) will, since r is very small, bo negligible in comparison 

with that from H which we have evaluated, Thus the couple 
is [mH] as in Maxwell’s theory. 


64, The force acting on any particle whose charge is q is 

qf, and the stress inside a material medium made 

Sire ” =u of such particles will be determinod by the 

ordinary laws of mechanics, just as the stresses 

due to gravity are determined by such forces as mg upon 
particles of mass m. 

Inasmuch ag wo have no means of meastfring stresses in 
the aether it does not appear that much is gained by obtaining 
stresses in the aether to explain the force gf oxerted upon 
particles imbedded in it. There is however some interest in 
such an interpretation of the phenomena and we may proceed 
as follows. 


65. The resultant force exerted over any volume is 


[dup (e+> [uh]), 
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or, as p= dive and e + pu=V roth, 


[ao(edives + [(7 rtm ~2), n]). 


Ou ee to this the coutribution 


-7 {ale [e. (ip + rot °)] + [aon div, 


which vanishes in virtue of the second equation of (40) and 
divh=0, we obtain 


pat rot 6] —[h, rot h]) 


wy feet] + [9 G]): 
Now by (2), 


fe, rot e] = [e[Ve]]= Vi. ee —eV.e, 
where the suffix of the operator V, indicates that it acts upon 
the first e of ee only; 
.. [e, rote] = 4V.e8?—eV.e, 
Hence 
Jdv (e div e —[e, rot e])=fde(e. Ve+eV e—4V.e%) 
=fdu(Ve,e—4V.e%), 
the V operating in the usual manner on the terms which 
follow it, 
=— fdS(Ne,e—~4N.e%), 
where N is, as before, a unit vector along the inward normal. 
Thus the force is F,-+F,, where 
F,=—JjdS(Ne,e—4N.e7+Nh.h—}N.h’), 


tf a 
h=-7¢ Joos [eh] 
“Pi dae du 
p being V [eh], the Poynting flow. 


46. Accordingly if the field be purely electrostatic, and 
the components of e are (X, Y, Z), we shall have F,=0 and the 
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force in the direction of OX may bo interpreted as due to a 
forca per unit arca upon the surface amounting to 
) 


—~ (UX + mY + nZ)X + 51K + V2 4+ 2), 
whore N = (J, m, 2). 

Thus on a rectangular parallelepiped with its edges parallel 
to the planes of reference we have forces per unit area parallel 
to the axis OX: 

(a) on, the face parallel to YOZ, for which 

N=(—1, 0,0), $(4*— Y?— 24); 

(b) on the face parallel to ZOX, for which 

N=(0,—1, 0), XY; 
(c) on the face parallel to XOY, for which 
N=(0,0,—1), ZX. 

We have accordingly tensions $e? along lines of force and 
pressures fe? at,right angles to them. This system agrees with 
Maxwell's stresses in the aether. 


CLIAPTER VII. 


THE ELECTRON TITEORY OF LORENTZ APPLTED TO 
MOVING MEDIA, 


67, Luv us first of all consider a medium capable of electric 
Case of anon. DUE not of magnotic polarisation, Let us take an 
conducting ordinary clement of volume @ containing a number 
eae Wt of groups of electrons, and within that cloment an 
polarisation origin moving with the velocity u of the medium. 
iebieeda Then for each group the intogral {dup = 0, while 
coptibility, — fdupr, the electric moment, is the contribution 
towards wD’, the moment of tho element of vokamo a. 

Now since the algebraic sum of the chargos in any group is 
zero we may suppose that when D’ is zoro all the electrons in a 
group are superposed at the origin within the group, and that 
the polarisation of the medium is offected by moving these 
electrons from the origin to their final positions, Owing to 


this movement only, x | dupé, the component of DB’ along OX, 
is, a8 in § 56, the rate of flow of cleciricity per unit arca across 
a plane perpendicular to O.X; and hence 2 | dupa, the com- 


ponent of D’ along OX, may be regarded as the quantity of 
electricity which has flowed through a plano perpendicular ta 
OX, per unit area. 

Thus D' is a vector of the type considered in § 42, and its 
rate of change through a cireuit moving with the velocity u of 
the medium is mado up of 

u div D’+ rot [D’u], 


owing to the velocity of the medium, and ~ owing to time 
changes independent of that, 
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Now, since the coordinate of an electron of charge q is r 
referred ‘to an’ origin which moves with the medium, the con- 
veetion current due to tho electron will be gi relative to that 
origin. Ifthon we take ao circuit whose linear dimensions are 
of the first order of small quantities and which has at each 
point the velocity u of the medium at that point, the flow of 
electiicity through phe circuit will be that obtained by summing 
over it the effects of such terms as gt. On the other hand the 
surface integral of D’ over the circuit will be changing at arate 
which is dite to the same terms gr. Thus the flow of electricity 
through a circuit moving at each point with the velocity u of 
the medium, will, as when the medium is stationary, be equal 
to the rate of change of the surface integral of D’ over the 
circuit: the flow will, accordingly, be 


dD’ ' 
a tu div D’ + rot [D’u]. 


Further, as in § 43, the rate of change of the surface integral 
of E over the rhoving circuit per unit area will be the com- 
ponent perpendicular to it of 

oF nu div E+ rot [Eu]. 

68, Let us now consider the equations obtained by applying 
the two fundamental relations to a circuit moving with the 
velocity u of the medium, If E’, H’ be the electric and 
magnetic forces at ae oe with the medium we have 


FF eudiv E + rot [eu] + Ou diy D’+ rot [D’u] 


a 
= V ros H’ 
~and similarly, (47), 
aa diy H + rot [Hu] =—Vrot E’ 
These equations may be written in the form 
aD oD diy u- DV.u= Prot H’ 
at 48 
Oi ete 6 J eas Sage eh 


“Fi +H divu—HV.ua=— Vrot E’ 
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69. Owing to tho magnetisatioh of moment G’ which 
sanovieg resulted from the movemont of clottronsewe had, 
magnetio when the modium was stationary, an electric ‘een- 
med tint. yection current of amount Vrot G’, and the 
magnetic momont of a group of electrons was tho intogral 


through it of v dup [rt]. If the medium be moving instead 


of stationary and the circuit through which the flow is con- 
sidered be either stationary or moving with the medium, the 
electric current due to the magnotisation will be stil V rot G’; 
for owing to its physical dimensions a term due to the con- 
vection of electrons with velocity x relative to a medium whose 
velocity is u may involve oither u or f to the first powey, or 
differentials of these with respect to the coordinates, but 
cannot involve squares or products of u and #% We may 
thus equate the cument to ¢(¢)+W(u), where ¢, are 
lincar operators. Now putting w=0 we have 


$ (ft) = Vrot G’; 
and y(u)=0, for it is zero when F=0 and there is no mag- 
netisation, Thus the current in any case is Vrot G’, 


70. If then we consider tho general case in which we 
General case | superpose the effects of electric and magnetic 


of motion, — polarisation, together with a conduction current 
C, we have 
dD . , / 
et D divu—DV.u+ Vrot @’+C= Vrot H 
dH (49), 
tH div f—-HV.u =—Vrot E’ 
with divD=p, divH=0, 
Further, on replacing H’— G’ by Hy’, we obtain 
a+ divu—DV.u+C= JV rot H,’ 
...(50) 


O +H divu-HV.u =— Prot &’ 
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71. If we treat the surface of discontinuity as the limiting 
Boundary ° case of a thin region of continuous transition we 
conaitions. find, as before, the velocity being continuous, that 
the tangential components of E’, Hy’ are continuous, or 


[NE‘];=0, [NH,'];=0. 


72, Let us determine the result of applying the two 


Equations fundamental relations to a stationary circuit 
seus iastead of to one moving with the medium. 


stationary Let us consider, as in § 42, the cylindrical 
oireutt, element of volume 8 whose ends &S, &S’ are 
formed by the area &S at the times ¢ and (+ 84) respectively. 
If We regard &S8 as fixed and &S8’ as moving with the medium, 
having started from &S at the time ¢, the electrons which have 
crossed the fixed surface &S during the time &¢ will be made 
up of those which are in the volume dv together with those 
which have escaped during the time 6 through the moving 
surface &S’ or ghe tubular surface, The convection currents 
or rates of flow at the surfaces &S, 68’ and the tubular, surface 
being denoted by F, F’, P respectively, the total charge which 
has flowed into the volume 6v across the ends will, as in § 42, 
be S¢F OS — &F’SS’; the volume density inside 0 being 
—divD’ the total charge then will be — édvdivD’ or 
— {88 u dt} div D’, On comparison with § 42 it will be seen 
that the flow in the time d¢ due to P will be of the order 
(8t)! 88, for the quantity which bas flowed across the surface 
per unit area will be Pét, and the area itself is of length w dt; 
hence the contribution from the tubular surface is negligible by 
comparison with the other terms, The resultsng equation is 
thus 
StF 8S — SF’ Ss’ =— d.uds diy D’. 


Now 8S’ will differ by &S by quantities of the order 58 & 
and, omitting quantities infinitely small by comparison with 
those retained, we may replace 6S’ by &S in this equation: 
tus the flow F through a fixed surface is connected with the 
flow F’ through a moving surface by the relatiorf 


F = F—u div Dies oawathl 
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Expressed in non-analytical languayo the difforonce between 
F’ and F consists merely in tho convection curréut due to the 
volume density — div D’, 


Now Fox | st +u diy D’+ rot [D’u] 
and go, by (51), 
F =P +20 [D’a] seesscsssessesseesseesee(5Q) 


If there bo a volume density p of clectricity in addition to, 
any effects of the polarisation D’, we shall havo duo to that alone 


F = F’ + + pul... peweeone WETTETT ITER TET (58), 


A magnetic polarisation due to electrons will have, by ¢ 59, 
no volume density of electricity, and so will not give rise to 
any difference between F and F’. Hence, using (52) and 
(53) instead of (49), we shall have, as the gencral equations 


referred to a fixed origin, Z 


oF id + rot [D'u]+pu+ Vrot G’+C= Vrot H 
». (54). 
dH 
a Vrot E 
On replacing H by (H, + G’) we get 
o +rot [D'u] +u divD+O= V rot H, 
+++(55), 


f (Hy4+G")=~ Prot E 


78. If we subtract (54) from (49) we get, using p = div D. 
0 =div H, 
uV.D+D divu—DV,u—u div D — rot [D'w] 
= V rot (H’—H) 
uV.H+H divu—HV.u—u divH = Vrot (E —E’) 
Hence by (10) 
tot [Eu] = V rot (H’— H) } 
rot [Hu] =— Vrot (E’— E) 
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and wo have, gs before, 
reich ail 
E’=E +4 Tv [aH 
=H+4 [Eu] | 
ry 
Hence also HY = Hit FLED] sees , sersue(B7). 


74, Wo Shall first of all consider a slight extension of 
Lorentz’s transformation theorem, Let us suppose 
Bffects of : ‘ : 
motion thab material media are moving through the 
setae, the saother with constant velocity u, a function 
neither of the coordinates nor the time. The 
equations referred to moving axes will be, if there are no 
media with maguctic susceptibility, so that H,=H, and 
Hy = H’, 


dD / 

Gy tO=V rot H a 
dH i aes voerpe ? 
We =-—Vrot E 


where D=E+(K—1)E’, divD=p, div H=0, 
‘ 1 rey 
E’=E + [aH], H’=H p ue], 


and O = XE’, © being the conductivity. 
At boundaries “NE’]?=0, [NH’]i =0, 


These equations must now be transformed by the intro- 
duction of new variables, distinguished by double dashes: 


alae, ysy, 2 sa, tat’ —(uat vy +we)/V4 
Then we shall have 


d*d did ud d@id_ vd gq 
at dt”’ da da” W dt”’ dy dy” V* dt”? : 
ud 5 
a. = V"— Pigqpeo seeieuteeteOY), 
1 aH’ 


Thus. V{VA]=VIV"H]— | a 5, 
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4 i 2 a ae ”"q 
ie. Vrot H'= V rot” H'— rie [uH’3 


om F rot" H’ — fn (E’ = Ej 
if squares of u/V may bo neglected, 


Henco the first equation of the es in (8), becomes 


+0 =V rot” H’— a (E’ ~ 


or o (IKE’) + O = V rot” H’, 


Similarly the second cquation of the ficld becomes 


dH’ ve 
Wa — V rot E’, 


Lot us now transform the cquations 
divD=p, div H=0, 
We have, by equations (59), 


Vo=V"p- mal at 


Bae di” 
ie. div D = div’ D — i 1 a (V rot H’— C)}. 
Now = [uH’] =H’ rot u—u rot H’ 
and so ~ a5 ia rot H’} = + div [wH’] 


Ll ty? cA 
=r div” [wH’] 
if squares of u/V be neglected, 
= div” ois E). 
Hence p= div’ (D+E’— ie +3 iq {uO} 
= div’ (KE) + = no) 
and div” (KE’) =p — i {uC}. 
Similarly div” H’=0, 


As boundary conditions wo shall have that [NE“} and 
[NH"]? shall vanish. 
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75, WNence the formér equations become, neglecting squares 
of ulV, 


- (KE) +0 = Vrot” H’ 


Z(H) =~ Wrote! 
e 
with div’ (KE') =p~, {uO}, 


div’ H’=0, OC =XE’, 
At boundaries [NE’]? and [NH’]? will vanish. 


ut thes6 are the ordinary equations for the electric and 
magnetic forces E’, H’ of the same distribution of material 
media when 2” is the time, the media now being stationary 
and the current being XE’, Ohm’s law still holding. Also the 
usual boundary conditions will be satisfied, and the only change 
is that the new volume ae div (KE) will be 

2 Fi {uC}. 

6. Hence 1t follows that the path of a ray remains on 
transformation a possible path of a ray and that if squares of 
u/V be neglected all optical experiments made with sources of 
light and apparatus fixed with regard to the earth, which moves 
through the aether with velocity u, would lead to the same 
results as if the earth were stationary. Thus such experiments, 
in which there are no conduction currents to cause a change in 
p, cannot, if squares be neglected, lead to any determination of 
the value of u. 

If however the source of light be outside the earth the 
effects of the motion will become apparent. We shall consider 
as un examplo Airy’s ‘water telescope’ experiment in which 
the effect of aberration was found to be the same when a 
telescope tube was filled with water as when it was empty. 
Beor the light coming from a star in the, direction n or 
(2, m, n) the electric and magnetic forces in the free aether 
ay be taken as proportional to ¢#(Vétetmutne) or @% (Feta the 
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axos of reference being fixed in tho other: hero ss Qar/(wave 
length). 

If the origin bo now taken al a point moving with the 
velocity u of tho carth, and a’, y', 2’, # be the velocily and 
time referred 10 the new system, we shall have t=’, a= a -eup’, 
yay +t, 2=2'+wt'. The forces will then bo proportional’ to 
es(F't ax) where V’= V-+ un, 

Now let us apply the transformation theorem, and substitute 
UY, a”, y”, 2” given by 

Wet —ur/V% oma, yy, 2’ me, 

The exponential factor then becomes e¥(?'#+P'ur/Pitnr 

which we may wnite as ¢1'(V""bn’2"), whore 
VW bt uV V2 mteV'/V?_ ntwv'/V4 
Ges yp ear es 

Hence, omitting squares of small quantities, each portion is 
equal to (14+2V'un/V*)t or 1+ V'un/V? or 1p-unV or V’/V. 
Hence V”= V, as we should expect from the fact that the 
equations satisfied are those for axes at rest Further 


; ’ " m" 7 ni’ 
b+ulVom+v/Von+w/V" 


We know that rays of light in the actual will correspond 
with rays of hght in the transformed system. Hence if we 
consider the rays which come to a focus at a particular point 
of the observer's eye in the actual and transformed systems, we 
find that the rays from the star in the actual system will como 
to the same focus as those which, if tho earth were at rest, 
would have emanated from a star in the direction (l’, m”, n”). 

This is what Airy found, for the direction is that of the” 
resultant of (V1, Vm, Vn) and of (u,v, w). Further tho period 
is quickened in the ratio of s” to s or of (V+ un) to V, which is 
in accordance with Doppler’s law. 
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